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Monitoring acoustic emissions (AE) prior to imminent failure is considered a promising technique for assessing
snow slope instability. Gaps in elastic wave propagation characteristics in snow hinder quantitative interpreta-
tion of AE signals. Our study focuses on characterizing the propagation of acoustic reference signals in the ultra-
sonic range across cylindrical snow samples with varying density (240–450 kg m−3). We deduced the acoustic
attenuation coefficient within snow by performing experiments with different column lengths to eliminate pos-
sible influences of the snow-sensor coupling. The attenuation coefficient wasmeasured for the entire burst signal
and for single frequency components in the range of 8 to 35 kHz. The acousticwave propagation speed, calculated
from the travel time of the acoustic signal, varied between 300 m s−1 and 950 m s−1, depending on the density
and hardness of snow. From the sound speed we also estimated the Young's modulus of our snow samples; the
values of the modulus ranged from 30 to 340 MPa for densities between 240 and 450 kg m−3. In addition, we
modeled the sound propagation for our experimental setup using Biot's model for wave propagation in a porous
medium. Themodel results were in good agreement with our experimental results and suggest that our acoustic
signals consisted of Biot's slow and fast waves. Our results can be used to improve the identification and locali-
zation of acoustic emission sources within snow in view of assessing snow slope instability.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Snow avalanches present a significant hazard for human activity and
infrastructure in snow-covered mountainous regions world-wide, yet,
to date, the precise time and location of a single avalanche event remain
unpredictable (e.g., McClung and Schaerer, 2006; Schweizer, 2008). For
the prediction of instability of a snow-covered slope, suitable precursors
must be identified. Among the most promising precursors are acoustic
emissions (AE) generated during the formation of micro-cracks or the
breaking of ice bonds within the snow (Reiweger et al., 2015;
Reiweger and Schweizer, 2013). Current research efforts focus on the
identification and localization of acoustic emission features preceding
snow failure and avalanches. The knowledge of the speed and the atten-
uation of acoustic waves in snow is, however, a necessary prerequisite
to increase the accuracy of event localization and to describe themech-
anism of evolution of the acoustic signals from the emission to the
detection.

Oura (1953) was among the first to measure the speed of sound in
snow. Since then various studies were performed, but the results on
the acoustic properties of snow widely vary depending on the
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measurement method. When piezoelectric sensors in direct contact to
the snow were used, the obtained speed was higher than the sound
speed in air and increased with increasing density (solid symbols in
Fig. 1, Reiweger et al., 2015; Smith, 1965; Takei and Maeno, 2004;
Yamada et al., 1974).When, on the other hand, the speedwasmeasured
with an impedance tube (Buser, 1986; Ishida, 1965; Marco et al., 1998)
or with microphones not in direct contact with the snow's ice skeleton
(Gudra and Najwer, 2011; Iwase et al., 2001; Lee and Rogers, 1985;
Oura, 1953), the measured speed was lower than the speed in air and
decreased with increasing density (open symbols, Fig. 1).

In Fig. 1, the values of the speed of sound previously determined in
various studies are compiled as a function of snow density. As already
shown by Sommerfeld (1982), three distinct speed patterns can be ob-
served for densities higher than about 250 kg m−3. Sommerfeld and
Gubler (1983) connected them to longitudinal and transversal waves
propagating in the ice skeleton (solid symbols, Fig. 1) and longitudinal
waves propagating in the air phase (open symbols). Ishida (1965)
showed that the speed in the air phase depends on the frequency in
the range of 0.1 to 10 kHz and is proportional to the air permeability
of snow.With increasing density the pore space becomesmore tortuous
and the air permeability decreases; accordingly the speed of the acous-
tic wave propagating in the air phase decreased (Ishida, 1965). Lee and
Rogers (1985) suggested that a transition in the propagation phase
the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Summary of sound propagation speed values from previous studies. The solid symbols represent values obtained with sensors in direct contact with the snow. The open symbols
represent values obtained withmicrophones not in direct contact with the snow. Three different wave types were observed: longitudinal (blue) and transversal (red) waves propagating
in the ice skeleton, and waves propagating in the pore space (orange). The green diamonds represent the measured velocities of Rayleigh waves (Smith, 1965). In addition, the results of
our own measurements are shown (black triangles). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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exists at a density of about 300 kgm−3, withwaves propagatingmainly
in the air phase for lower density and mainly in the ice skeleton for
higher density snow. However, Marco et al. (1998) measured the
speed of waves in the air phase at densities up to 680 kgm−3 contradic-
ting the assumption of Lee and Rogers (1985). Takei and Maeno (2004)
showed that the wave speed in the ice skeleton is determined by the
elasticmoduli of the snow,which are determined by themicrostructure.
The velocities of the longitudinal and transversal waves in the ice skel-
eton increased during temperature cycles due to the increased strength
of the bonds between the ice grains.When the temperature approached
0 °C, the weakening of the bonds caused a drop in the wave speed.
Yamada et al. (1974) found that the sound speed is anisotropic for
anisotropic snow.

The attenuation of acoustic waves in snow was a topic of various
studies in the past. The attenuation properties were usually either ob-
tained from the transmission loss at different snow thicknesses
(Gudra and Najwer, 2011; Ishida, 1965; Reiweger et al., 2015) or
deduced from the measured impedance (Marco et al., 1998). Lang
(1976), Johnson (1982), and Kapil et al. (2014) measured the attenua-
tion of acoustic waves in snow without explicitly reporting the attenu-
ation coefficient, but it can still be derived from their published data.
The attenuation coefficient measured by the different authors was be-
tween 0.05 and 3.5 dB cm−1. A direct comparison of the published
values is difficult, since different methods were applied on different
snow types in different frequency ranges. The attenuation was found
to increase with increasing frequency (Ishida, 1965; Iwase et al., 2001)
and also with increasing snow density (Gudra and Najwer, 2011;
Ishida, 1965; Marco et al., 1998). Ishida (1965) suggested that the
attenuation was inversely proportional to the square root of the air
permeability.

Most previousmodels for sound propagation in snow assume a rigid
ice frame (e.g. Buser, 1986). Buser (1986) reproduced the measured
surface impedance with the model of Zwikker and Kosten (1949). The
same model was used to investigate the relationship between acoustic
properties and snow microstructure by Attenborough and Buser
(1988) and Marco et al. (1998). Boeckx et al. (2004) applied the
Johnson-Champoux-Allard model (Allard and Attala, 2009; Champoux
and Allard, 1991; Johnson et al., 1987) to the propagation of sound
above snow covered terrain. Maysenhölder et al. (2012) studied the re-
lation between microstructure and sound absorption with the relaxa-
tion model of Wilson (1993, 1997). These models were successfully
applied to experiments where the air–snow interaction was studied,
although the ice frame is considered to be rigid. On the other hand,
Biot's model (Biot, 1956a) takes into account the combined motion of
the elastic ice frame and the pore fluid/gas and was applied to snow
by Johnson (1982). It provides two types of longitudinal waves (fast
and slow Biot's waves) and one type of transversal wave as it is experi-
mentally observed. The experimental data available to Johnson (1982)
tended to support the model predictions, but further experiments
were required to properly evaluate Biot's model on snow. More recent-
ly, Sidler (2015) modeled the propagation of acoustic waves in snow
with Biot's theory. He simplified the approach by expressing the many
parameters required as a function of snow porosity only and found
that for low-density snow (below 200 kg m−3) the speed of the Biot's
slow waves exceeds the speed of Biot's fast waves. This is in agreement
with the experimental data presented in Fig. 1. Also the propagation of
waves produced during blasting experiments was modeled above and
inside the snowpack with Biot's model for the frequency range of 0 to
1 kHz (Sidler et al., 2016; Simioni et al., 2015). Sidler et al. (2016) suc-
cessfully reproduced the acceleration measured in the snowpack and
showed that the waves propagating through the pore space, i.e. slow
Biot's waves, significantly contribute to wave propagation in snow due
to an explosion.

The acoustic propagation properties can be used to derive different
mechanical snow properties, e.g. the elastic moduli can be derived
from the propagation speed (Smith, 1965; Takei and Maeno, 2004).
Themost basicmethod tomeasure Young'smodulus is a directmechan-
ical test either quasi-static (Mellor, 1975) or dynamic (Sigrist, 2006). Al-
ternatively, the elastic properties can be derived from micro-computed
tomography images (Schneebeli, 2004), or derived from the snow
micro-penetrometer (SMP) penetration force signal (Marshall and
Johnson, 2009). The values obtained with the different methods differ
substantially, e.g. the values obtainedwith themicro-computed tomog-
raphy are about three orders of magnitude larger than the values
derived from SMP signal (Reuter et al., 2013). The difference is attribut-
ed to the different strain rates and magnitudes of displacement applied
during the different measurements. With some of the methods non-
elastic deformation will be induced, typically resulting in lower values
of the modulus. Alternatively, acoustic waves cause small strains at
high rates in the elastic range. Therefore, the acoustic method for the
derivation of the Young's modulus seems a feasible option, even superi-
or to other methods. In particular, the AE method allows a non-
destructive and in-situ characterization of the mechanical properties
of snow.

The values of speed and attenuation of acoustic waves published in
previous studies vary strongly with the snow properties and consider-
ably depend on themeasurementmethod employed. Most of the previ-
ous results were obtained at frequencies below 10 kHz, while recent
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snow failure experiments indicate that the relevant AE are in the ultra-
sound rangewith peak frequencies between 20 and 500 kHz (Datt et al.,
2015; Reiweger et al., 2015; Scapozza et al., 2004). For the identification
and localization of AE features preceding snow failure a good under-
standing of the propagation of acoustic waves in snow is needed and a
model applicable for a wide range of snow types must be found.

Our objectives are to (1) measure the propagation speed and the at-
tenuation coefficient of acoustic waves in snow for frequencies above
10 kHz, (2)model thewave propagation, and (3) relate the propagation
characteristics of acoustic waves to the Young's modulus. Therefore, we
measured the speed and the attenuation of short broad-band pulses
generated by a pencil lead fracture (PLF) traveling through small snow
columns in the laboratory, and modeled the wave propagation for our
experimental setup using Biot's model. Furthermore, we derived the
Young's modulus from the speed of the acoustic waves traveling in
the ice skeleton and studied its change due to changes of the micro-
structure with time.

2. Methods

We measured the speed and attenuation of acoustic waves
propagating through a snow column in a cold laboratory following the
method described by Reiweger et al. (2015). Our signals were short
broad-band pulses generated by a pencil lead fracture (PLF). The signal
attenuation was derived from the magnitude of the signal at different
column length, canceling out the effects of the sensor coupling. The
results were compared to the values obtained from Biot's model.

2.1. Experimental setup

The experimental setup is illustrated in Fig. 2. A snow column
(diameter: 14.5 cm, length: 20 to 40 cm) was placed between two
aluminum plates. On each of the plates an acoustic sensor was
attached with silicon glue; sensor S1 on the top and sensor S2
below the snow column. The dimensions of the top plate were
126 mm × 126 mm × 6 mm, and of the bottom plate
278 mm × 180 mm × 6 mm. A third sensor S3 was glued to a brass
ring (460 mm × 20 mm × 0.8 mm) fixed around the snow column
25 mm above the bottom plate. The plates and the brass ring were
used as waveguides to increase the coupling of the sensors to the
snow (Kapil et al., 2014; Reiweger et al., 2015). The acoustic sensors
have a preferential sensitivity to out of plane waves. Therefore, the sen-
sor S2 on the bottom plate should detect longitudinal waves, while the
sensor S3 on the ring at the side of the column should detect transversal
waves. At all positionswideband piezoelectric acoustic sensors (Mistras
WD, 20–1000 kHz) were used. The sampling rate was 2000 kHz.
Fig. 2. Experimental setup for themeasurement of the propagation speed and attenuation
across snow columns. The speed was determined from the travel time. The attenuation
was derived from the magnitude of the signal at different column lengths (8 to 40 cm).
To improve the acoustic coupling between the snow and the metal
plates, a thin layer of ice or grease was used. The ice layer was created
by putting the snow in contact with the warmer metal plates. A part
of the snow melted and subsequently refroze, creating an ice layer
that stuck to the plate. Using the ice layer was more time consuming
than using grease, but the obtained coupling quality was more repro-
ducible. Grease was used as couplant between the metal ring and the
snow. The whole setup was placed on two plastic foam blocks to atten-
uate possible external noise.

The acoustic pulse was produced by breaking a pencil lead tip
(diameter 0.5 mm, length 3 mm, HB, ASTM E976) on the top plate
(PLF or Hsu-Nielsen source) at approximately 10 mm from the sensor
S1. The PLF creates a short broad-band acoustic pulse (Grosse and
Ohtsu, 2006; Higo and Inaba, 1991).

The acoustic signals were recorded with an AE recording system
from Physical Acoustics. A more detailed description of the recording
system can be found in Reiweger et al. (2015). The working principle
is the following: Every time the measured voltage signal exceeds a
fixed threshold (e.g. when a PLF pulse reaches a sensor) the recording
system is activated, a waveform is recorded and several AE features,
such as signal amplitude and energy, are extracted. The amplitude is de-
fined as themaximum amplitude of the registeredwaveform. The ener-
gy is the integral of the squared voltage signal over the signal duration
(Fig. 3a) divided by a reference resistance (10 kOhm). The duration of
the registered signal depends on how long the measured signal stays
above the threshold. For a more detailed description and the definition
of the AE parameters the reader is referred to Grosse and Ohtsu (2006).

2.2. Measurement of speed and attenuation coefficient

The speed of the longitudinal waves was obtained by dividing the
column length h by the travel time t, which is the difference between
the arrival time at sensor S1 (mounted at the top) and the sensor S2
(mounted at the bottom):

csnow ¼ h
t

ð1Þ

For the speed of the transversal waves the distance between the sen-
sor S1 and the sensor S3 (mounted on the lateral surface) was divided
by the difference of the arrival times. The speed of at least 10 PLF signals
(Table 1) wasmeasured and averaged. The arrival timewas determined
as the first crossing of a fixed threshold (Fig. 3a). The arrival time deter-
minedwith a fixed threshold depends on the signalmagnitude, i.e. if the
signal is stronger attenuated, the amplitude is lower and with the
threshold method a later arrival time is measured. To avoid this prob-
lem, the Akaike information criterion (AIC) as proposed by Kurz et al.
(2005) was applied to improve the precision of arrival time
determination.

The wave energy U decays exponentially over the column length h:

U hð Þ � e−αen h ð2Þ

To measure the attenuation coefficient αen , the experiment was re-
peatedwith different column lengths (40 to 8 cm, see Fig. 2). Comparing
the signals obtained for the different column lengths, the evolution of
the signal in themissing snow portion can be determined independent-
ly of the effects of the sensor coupling. Thismethod is valid under the as-
sumption that the signal distortion at the snow-sensor transition is
linear and that the sensor-snow coupling is unvaried. In this way it
was possible to eliminate the distortions of the signal occurring at the
transition between snow,metal plate, and sensor. The attenuation coef-
ficient αen of the entire pulse was obtained from a linear fit of the entire
signal energy in dB over the column length (Fig. 3b). The mean value of
at least 10 PLF signals, and at least 6 column lengthswere used for thefit
(Table 1). The slope of the linear fit in the semi-logarithmic plot is the



Fig. 3. (a) Example of arrival time picking and AE features extraction. The arrival time is first determined by the first threshold crossing (tthr). Then the precision is improvedwith the AIC
method (tAIC). The amplitude is defined as the maximum signal amplitude. The energy is equal the blue surface in the plot. (b) Example of exponential decrease of the energy over the
column length and linear fit to obtain the attenuation coefficient (semi-logarithmic plot).
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attenuation coefficient (given in dB cm−1). In addition, the attenuation
coefficient was obtained also from the signal amplitude (αamp). In this
case the slope of the fitted line was multiplied by 2 since the energy is
proportional to the square of the amplitude.

The attenuation coefficient depends on the frequency. Therefore, the
attenuation at the single frequencies α(ω) was obtained from the
power spectra at the different column lengths. The power spectrum in-
dicates the distribution of the energy over the single frequency compo-
nent. The average power spectrum of several signals was computed at
each distance. Furthermore, the obtained mean power spectrum was
smoothened with the weighted moving average with window size
10 kHz and Gaussian form. The frequency dependent attenuation
coefficient α(ω) was obtained from a fit of the averaged and smooth-
ened power spectrum over the different distances for each discrete
frequency ω.

2.3. Sample preparation

The homogeneous snow columns (Samples Col1 to Col42)were pre-
pared from nature identical snow produced by SLF's snow making ma-
chine (Schleef et al., 2014). The snow was sieved into a plastic tube
with 145mmdiameter. Samples with different densities were obtained
by varying compression of the snow in the tube. Samples with different
grain sizeswere prepared using sieves with differentmesh sizes (1mm,
1.4 mm, and 2.2 mm). The inner surface of the tube was sprayed with a
Table 1
Summary of the snowproperties and the experimental results for the different snow samples. T
index R, and sintering time ts. Themaximumcolumn length h, the number ofmeasured lengths,
S2with a column length of about 150mm. The attenuation coefficients of the entire pulse energ
of determination R2 (except for samples Col41 and Col42). Theminimumand themaximumof t

Thefitting parameters of Biot'smodel are the permeability κ, the pore characteristic size d, and t
value of the Poisson's ratio ν=0.25 (Mellor, 1975).

Sample Col1 Col2 Col3A Col3B Col3C

T (°C) −20 −20 −9.5 −5.5 −15.5ρ kg m−3 334 221 238 250 249
F – DF DF – – –
D mm 0.75–1 1 1 1 1
R – 1–2 – – – –
ts h 48 552 144 192 144
max. h cm 40 35 30 30 30
# lengths – 9 9 6 5 7
# PLF – 20 30 20 20 20
c m s−1 470 ± 4 370 ± 12 407 ± 8 434 ± 12 431 ±αen dB cm−1 1.2 ± 0.1 0.79 ± 0.03 0.6 ± 0.1 0.98 ± 0.05 0.7 ± 0
Ren
2 – 0.987 0.995 0.892 0.991 0.898αamp dB cm−1 1.1 ± 0.1 0.77 ± 0.1 0.6 ± 0.1 1.01 ± 0.04 0.8 ± 0

Ramp
2 – 0.95 0.921 0.886 0.984 0.924

min(α(ω)) dB cm−1 0.67 0.4 0.41 0.91 0.30
max(α(ω)) dB cm−1 1.53 1.3 1.23 1.34 1.61κ s m2 kg−1 3.1 × 10−4 5 × 10−4 3.6 × 10−4 3.25 × 10−4 4 × 10
d mm 0.3 0.35 0.21 0.25 0.3

d – 1 1 1 1 1
E MPa 61 ± 0.5 25.2 ± 0.8 33 ± 0.6 39 ± 1 38.5 ±
lubricant oil to avoid freezing of the snow to the tube. The sampleswere
removed from the tube after at least one day duringwhich the ice grains
sintered. The samples were 20 to 40 cm long and the diameter was
14.5 cm. The snow characteristics of the single samples are presented
in Table 1.

2.4. Influence of sintering and temperature

To investigate the influence of snow sintering and temperature on
the propagation speed we performed two kinds of experiments. In a
first experiment (Col41 and Col42), two snow columns with different
density and grain size were prepared sieving the snow first through a
sieve with a mesh size of 2.2 mm and then through one with 1 mm
mesh size. The snow with grains smaller than 1 mm was used for the
sample Col41 and the snow with grain size between 1 mm and
2.2 mmwas used for sample Col42. After one day of sintering the sam-
ples were extracted from the tube and mounted in the measurement
setup. The temperature of the cold laboratory was increased stepwise
during three days from −21 °C to −5 °C. Subsequently, the tempera-
ture was kept at−5 °C during four days and then decreased during an-
other three days stepwise to−20 °C. The sound speedwasmeasured at
each temperature without changing the setup so that observed changes
should be only due to changes of the snow properties. The column
length was 15.7 cm for sample Col41 and 16.5 cm for Col42. The atten-
uation coefficient was not determined for these experiments since this
he snowproperties are: temperature T, density ρ, grain shape F, grain sizeD, hand hardness
and the number of PLF for each length are listed. The speed cwasmeasuredwith the sensor
yαen and of themaximumamplitude αamp are shownwith the corresponding coefficients
he frequency dependent attenuationα(ω) in the frequency range of 10 to 35 kHz are listed.

he structure factord. The Young'smodulus Ewas derived from thewave speed,with a fixed

Col41 Col42 Sam11 Sam12 Sam13 Sam14

−(20–5) −(20–5) −8.5 −8.5 −8.5 −8.5
450 340 369 380 374 372
RG RG RG RG RG RG
0.25–0.75 1–2 0.5–1 0.5–1 0.5–1 0.5–1
4–5 3–4 – – – –
22–240 22–240 20 44 68 92
16 16.5 20.5 21 19.5 19.5
1 1 12 10 10 10
20 20 10 10 10 10

28 580–950 425–635 604 ± 18 658 ± 10 705 ± 15 709 ± 27
.1 – – 0.60 ± 0.13 0.81 ± 0.12 1.15 ± 0.30 0.35 ± 0.12

– – 0.683 0.858 0.644 0.532
.1 – – 0.57 ± 0.16 0.74 ± 0.12 0.79 ± 0.22 0.25 ± 0.22

– – 0.553 0.826 0.608 0.143
– – – – – –
– – – – – –

−4 – – – – – –
– – – – – –
– – – – – –

2.5 125–340 54–115 114 ± 7 135 ± 4 155 ± 7 157 ± 12
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would have required to successively shorten the columns and would
have prevented studying the effect of sintering and temperature.

For the second experiment (Sam11 to Sam14) a snow block of
70 cm × 40 cm × 20 cm was prepared by sieving natural snow (mesh
size 2.2 mm) in a box. The snow had been collected at the Flüelapass
(near Davos, Switzerland) three days before and stored at −25 °C.
The sample was then stored for one day at −8 ± 1 °C, and a vertical
rectangular column (13 cm × 13 cm × 20 cm) was cut out and the
wave speed and the attenuation coefficient were measured. The mea-
surement was repeated on a new column each day during four days.
The density of the snow block was 375 ± 15 kg m−3 and was found
to not change significantly over the four days. In addition, snow
micro-penetrometer (SMP) (Schneebeli and Johnson, 1998; Johnson
and Schneebeli, 1999) measurements were done in the part of the
snow block that was not used for the acoustic measurements at one
hour intervals during the first 4 h and then after each acoustic measure-
ment. An effective elastic modulus was then derived from the SMP sig-
nal as described by Marshall and Johnson (2009). Moreover, the SMP
measurements allowed detecting density variationswithin the samples.
Density profiles were hence derived from the SMP signals following
Proksch et al. (2015). The mean density over the 20 profiles was
415 ± 34 kg m−3, i.e. about 10% higher than the manually measured
density. No substantial trend in the vertical direction was found. The
mean standard deviation of the density in the vertical direction for the
single profiles was 6%. Therefore, we consider the samples to be uni-
form. Furthermore, the SMP measurements indicated that the density
did not change over time.
2.5. Biot's model

The model by Biot (1956a) and Biot (1956b) was developed to de-
scribe the propagation of waves in a porous medium and considers
the interaction of the elastic solid phase (ice) and the viscous fluid/gas
phase (air). Biot's model was previously applied to snow by Johnson
(1982), using the analytical solution of Deresiewicz and Rice (1962). As-
suming planar waves propagating in a homogeneous, isotropic, fluid
saturated, poroelastic material, the model predicts the existence of
two uncoupled dilatational waves and one transversal wave (Fig. 4).
The first kind of longitudinal waves, also called fast waves, and the
transversal waves are just slightly dispersive, while the second kind of
longitudinal waves or slow waves are dispersive. All Biot's waves are
considerably attenuated — increasing with increasing frequency. How-
ever, slow waves have much higher attenuation coefficient than the
other wave kinds (4 to 7 orders of magnitude higher). The detailed der-
ivation of Biot's model and the application to snow has previously been
described (Biot, 1956a; Biot, 1956b; Deresiewicz and Rice, 1962;
Johnson, 1982; Sidler, 2015). Deresiewicz and Rice (1962) found an an-
alytical solution for planewaves,whichwas applied to snow by Johnson
(1982).
Fig. 4. (a) Dispersion relation of the threewave types of Biot's model and (b) attenuation coeffic
The equations for the complex frequency dependent wave numbers
k(ω) are given in the Appendix. From Eqs. A1 and A2 the speed ðcðωÞ ¼

ω
ReðkðωÞÞÞ and the attenuation factor (α(ω)=Im(k(ω))) can be obtained.

Thirteen material properties are required (Table 2) to obtain the
wave numbers k(ω). The ice density and bulk modulus are well
knownaswell as thedensity, compressibility and viscosity of air. The re-
maining eight properties are specific to snow and must be determined
for every sample. The snow density ρs can easily be measured to derive
the porosity ϕ ¼ 1− ρ

ρice
, whereas the other properties are more difficult

to measure directly, but Sidler (2015) recently estimated most of the
snow properties as a function of porosity. Johnson (1982) assumed
that the dynamic coefficient ρ12 is zero. According to Sidler (2015),
ρ12 can be approximated for a rigid solid phase by ρ12=−ϕ ρair(Γ−
1) (Carcione, 2007) and the tortuosity Γ can be calculated with Γ ¼ 1−

rð1− 1
ϕÞ; rN0 (Berryman, 1980). We used the values for spherical grains

r ¼ 1
2. The permeability κ, the pore characteristic size d, and the struc-

ture factor d are free parameters, which were varied within a physically
reasonable range to fit themodeled attenuation to the measured values
of the frequency dependent attenuation.

Using typical parameters for natural snow (Table 2) the speed of the
fast and the transversal waves depends strongly on the elasticmoduli of
snow (E, ν),while the variation caused by the other parameters is below
1%. The speed can therefore be approximated as follows

cfast ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E 1−νð Þ

ρ 1þ νð Þ 1−2νð Þ

s
ð3Þ

and

ctransversal ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

2ρ 1þ νð Þ

s
; ð4Þ

which are the equations for the speed of longitudinal and transversal
waves in an elastic medium with density ρ, Young's modulus E and
the Poisson's ratio v. Therefore, the elastic moduli can be determined
from the speed of the fast waves and the transversal waves. The speed
and the attenuation of the slow waves are not influenced by the elastic
moduli.

2.6. Simulation of propagation

The propagation of the PLF signal across the snow column was sim-
ulated assuming plane wave propagation with the complex
wavenumbers k(ω) of the Biot's slow or fast waves. The propagation
ientα. These curves are obtained for typical values of the snowproperties listed in Table 2.



Table 2
Parameters of Biot's model with typical values for snow. If available, the formula used to derive the parameter and a reference are listed. For air (*) the values depend on temperature and
pressure; we used: T = −25° to 0 °C, p= 85 kPa.

Material Parameter Symbol Typical value Formula Source

Ice Density ρice 917 kg m−3 – (Hobbs, 1974)
Bulk modulus K 1.19 × 109 Pa – (Johnson, 1982)

Air* Density ρair 1.08−1.19 kg m−3 – (Bell et al., 2014)
Compressibility Cair (8.1−8.9) × 10− 6Pa −1 – (Bell et al., 2014)
Kinematic viscosity η (1.3−1.6) × 10−5 m2 s−1 – (Bell et al., 2014)

Snow Density ρ 50–500 kg m3 Measured –
Porosity ϕ 0.45−0.95 ϕ ¼ 1− ρ

ρice
–

Young's modulus E 0.2−10−4
E ¼ ρc2t

3c2
f
−4c2t

ðc2
f
−c2t Þ

(Mellor, 1975)

Poisson's ratio v 0.2−0.33 ν ¼ c2f −2c2t
2ðc2

f
−c2t Þ

(Mellor, 1975)

Permeability κ 8.5×10−10−10−8 m2 Fitting parameter (Zermatten et al., 2011)
Pore characteristic size d b 1 mm Fitting parameter estimated
Structure factor d 1 Fitting parameter chosen a priori

Dynamic coefficient ρ12 −(0.03−0.3)kg m−3 ρ12 ¼ 1
2ϕ ρairð1− 1

ϕÞ (Carcione, 2007)
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was computed by Fourier transformation as described in Eq (5).

u x0; tð Þ ⇒
F:T:

~u x0;ωð Þ⇒
Propagation

~u xi;ωð Þ
¼ ~u x0;ωð Þei k ωð Þ xi−x0ð Þ⇒

Inverse F:T:
u xi; tð Þ ð5Þ

First the discrete Fourier transformation of the source signal u(x0, t)
was performed. Then the propagation was computed in the frequency
domain multiplying each discrete frequency term with a transfer func-
tion (ei k(ω) (xi−x

0
)) dependent on the frequency dependent complex

wave number k(ω) and the propagation distance (xi−x0). Eventually,
an inverse Fourier transformation was performed to obtain the signal
in time domain u(xi, t) at point xi. A detailed description of the method
is found in Doyle (1997). We used the signal measured by the sensor
Fig. 5. (a,b) Exemplary results for the PLF signal and the corresponding power spectrum at th
f) recorded by sensor S3 placed at the side of the column at 18 cm from the top. All three sign
S2, i.e. the acoustic sensor at the bottom plate, at the shortest column
length x0 as source signal u(x0, t) to simulate the signal measured at
the other column lengths xi. The choice of signal of S2 as source allows
comparing the simulated data to the measured data neglecting the ef-
fect of the snow-sensor coupling. The complex wavenumber k(ω) was
determined fitting the Biot's model to the measured speed and attenu-
ation. The amplitude and the energy of the propagated signal u(xi, t) at
the different distances were determined as illustrated in Fig. 3a. The
propagation speed of the simulated slow and fast wave pulseswas com-
puted from the time difference between the threshold crossing of the
source signal and the threshold crossing of the propagated signal. The
AIC method was not applied to the simulated signals because we
wanted to investigate the effect of the attenuation on the speed
determination.
e source, (b,c) recorded by sensor S2 after propagation through 19.5 cm of snow, and (e,
als were produced by the same PLF pulse on sample Col3A.



Fig. 7. Experimental setupwith thewave paths used for the calculation of thewave speed.
The red dashed line indicates the fastest path used for the sensor S3.
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3. Results

3.1. PLF signals and power spectra

The PLF pulses propagatingwithin snowwere strongly distorted and
attenuated. The evolution of a typical pulse before and after propagating
through 19 cm of snow is illustrated in Fig. 5. The source PLF signal,
measured before propagation in snow by the sensor S1, had a very
sharp rising to the maximum amplitude and a fast decrease, while the
amplitude of the signal recorded with the sensor S2 exhibited a more
gradual increase and decrease (Fig. 5a, c). The duration of the signal
was longer after propagation through snow. When measured by the
sensor S2, the signal was 5 ms long, about five times longer than the
source signal (Fig. 5b, d). The spectra of the signals after propagation dif-
fered strongly from the spectra before propagation. The power spec-
trum of the source signal was “flat”, with almost constant frequency
components from8 kHz to 300MHz,while the shape of the power spec-
trum after propagationwas completely different. The frequencies above
40 kHzwere very strongly attenuated. Themain frequency components
remaining were between 4 and 35 kHz, with the maximum of the
power spectrum at 18 kHz. The signals measured with the sensor S3
were similar to the signals recorded by the sensor S2.

3.2. Propagation speed and Young's modulus

The acoustic speedmeasured by the sensor S2 ath≈ 15 cm is plotted
as a function of snow density in Fig. 6a. All values are listed in Table 1.
The speed measured at the sensor S2 was between 400 and
950 m s−1 and was higher for the samples with higher density. The
propagation speed was measured for all column lengths h and was
found to be constant up to a certain column length; for larger column
lengths the speed decreased with increasing column length (Fig. 6b).
The speed obtained with different PLF pulses was well reproducible.
The mean deviation found for 10 to 20 pulses was between 1% and 7%
for the values reported in Table 1. For longer columns lengths
(h N 30 cm for Col1) for which the PLF signals are strongly attenuated
the uncertainty increased. For these weaker and stronger distorted sig-
nals the onset was obscured by background noise and hencemore diffi-
cult to determine, causing the higher uncertainty. The resulting speed is
compared to the values reported in previous studies in Fig. 1.

For the sensor S3 it can be assumed that thefirst detectedwave com-
ponent followed the fastest path going first through the aluminum
plate, where the speed is higher, and then through the snow (Fig. 7).
Minimizing the travel time twith respect to the traveled distance in alu-
minum, the following equation for the sound speed in snow following
the fastest path is found:

csnow ¼ hS3 calffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t cal−rð Þ2 þ h2S3

q ; ð6Þ
Fig. 6. (a) Speed c and derived Young'smodulus E as a function of the density for themeasured s
shown (Table 1). (b) Speedmeasured on sample Col1 for different column lengths comparedwi
modeled data the experimental data with threshold arrival time determination are shown.
where cal is the speed in the aluminum plate (3200 m s−1), r is the col-
umn radius and hS3 is the vertical distance between the upper plate and
the sensor S3. Using the fastest path, the speed measured by the sensor
S3 was equal to the speed recorded by the sensor S2. It follows that the
measured speed was that of longitudinal waves. The transversal wave
component of the signal had a later arrival time and was superimposed
on the rest of the signal and not recognizable. The employed method
was therefore not suitable to measure the speed of transversal waves.
The results described in the following were therefore all obtained
from the signals measured by the sensor S2.

The Young's modulus E was calculated from the measured speed
(Eqs. 3 and 4). Since the speed of the transversal waves could not be
measured, it was not possible to derive the Poisson's ratio ν, which
hence was chosen a priori ν=0.25 (Mellor, 1975; Shapiro et al.,
1997). The resulting values of the Young's modulus E were between
30 and 340MPa, and increasedwith increasingdensity (Table 1, Fig. 6a).

The results of the sintering experiments are presented in Figs.. 8 and
9. For both experiments the speed and the Young's modulus increased
over time (Fig. 8). The increasing rate decreased with the sintering
time. The speed measured in the first sintering experiment increased
during the temperature increase as well as during the temperature de-
crease for both samples Col41 and Col42 (Fig. 8a).

The penetration forcemeasured with the snowmicro-penetrometer
(SMP) increased alsowith increasing sintering time, with a fast increase
during the first hours and a slower increase afterwards (Fig. 9a). The ef-
fective modulus derived from the SMP signal was clearly related to the
Young's modulus calculated from the propagation speed, although the
SMP-derived modulus was about 40 times smaller (Fig. 9b).

3.3. Attenuation

The attenuation coefficients αen and αamp of the entire pulse were
derived from the pulse energy and the maximum amplitude (Fig. 10).
amples. Themean value and the standard deviation obtained from 10 to 20 PLF signals are
th the propagation speed of the simulated fast and slowwave pulses. For comparison to the



Fig. 8. (a) Increase of the wave speed c and the acoustically determined Young's modulus E with the sintering time for the sample Col41. The temperature T of the cold laboratory was
increased stepwise during three days and subsequently decreased during another three days. The presented results are the average and the standard deviation (error bars) of 20 PLF
signals at fixed column length h = 15.7 cm. (b) Increase of the wave speed c and the acoustic Young's modulus E with the sintering time for the sample Sam11 to Sam14. Every day a
new sample was cut from the prepared snow block and the speed was measured for the successively shortened sample. The average and the standard deviation of the values obtained
at 6 different column lengths between 12 cm and 18 cm are shown. The density is assumed to be constant over the entire duration of the experiments.
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Both fits from either amplitude or energy provided similar results
(Table 1). The resulting values were between 0.25 and 1.25 dB cm−1.
The attenuation coefficient seemed not to depend on density for our
measurement setup and range of densities. Furthermore, in the second
sintering experiment (Sam11 to Sam14), we did not observed any sig-
nificant dependence of the attenuation coefficient on the sintering
time. The precision of the measurements was, however, quite low. The
coefficient of determination R2 was between 0.85 and 0.15 (Table 1).

Fig. 11a shows the attenuation coefficientα as a function of frequen-
cy for sample Col1. The attenuation is only shown for the frequency
band between 8 and 35 kHz for which the signal magnitude was suffi-
ciently high to determine α with good precision. The attenuation coef-
ficient α increased with increasing frequency for all samples for which
it could be determined with good precision (Fig. 11b). It was between
0.3 and 1.6 dB cm−1. The attenuation coefficient α of Biot's slow
waves was fitted to the measured values using the permeability κ and
the pore characteristic size d as fitting parameters (Fig. 11a). The value
of the structure factor d was kept constant for simplicity. The obtained
parameters for each sample are listed in Table 1. The obtained frequency
dependent attenuation coefficient of the samples Sam11 to Sam14 had
poor precision, because the attenuationwas too low and the sample too
short. Therefore, it is not shown.

The pulse energy and themaximum amplitude were extracted from
the simulated signal and compared with the measured values at differ-
ent propagation distances (Fig. 10). For the simulated slowwave pulses
the amplitude and the energy decreased with increasing column height
very similar to the decrease observed experimentally. On the other
hand, for the simulated fast wave pulses the amplitude and the energy
were almost constant for the various propagation distances.
Fig. 9. (a) Effect of sintering time on the penetration force measured with the snow-micro-pen
modulus calculated from the propagation speed and the effective modulus derived from t
measurements performed at different locations of the snow block for each time step.
In Fig. 6 the propagation speed of the simulated slow and fast wave
pulses for the different column lengths is compared to the experimen-
tally measured speed. The modeled speeds were almost constant for
both the slow and fast wave pulses. The strong decrease in speed with
increasing propagation distance observed in the experiments was not
found for the simulated propagation of both wave types.

4. Discussion

The PLF signals after propagation through the snow column exhibit-
ed significant distortion andwere nearly five times longer than the orig-
inal length of the PLF signal. The distortion can be due, for example, to
high frequency dependent attenuation, dispersive waves, superposition
of wave types with different phase velocities, or waves following differ-
ent paths. Usually, wave pulses with different arrival times can be sep-
arated using a longer propagation distance, but with our experimental
setup this was not possible since the propagation distance is limited
by the high attenuation. The sensor S3 attached at the lateral surface
of the sample should have been more sensitive to the transversal
waves, but the measured speed was that of longitudinal waves follow-
ing the fastest path. Accordingly, we could not determine the speed of
the transversal waves.

The speed measured by the sensor S2 at the bottom of the column
corresponded to that of Biot's fast waves, since the speed of the first ar-
riving wave packet was measured. The speed obtained with different
PLF pulses was well reproducible with a mean deviation between 1%
and 7% for a column length h≈ 15 cm. The difficulty to determine the
exact arrival time is probably a main source of uncertainty. The mea-
sured speedwashigher for higher densities, as can be expected for Biot's
etrometer (SMP) for the samples Sam11 to Sam14. (b) Comparison between the Young's
he SMP signal. The error bars of the SMP values are obtained from four repeated SMP



Fig. 10. (a)Maximum amplitude and (b) energy of the PLF pulse for different column lengths (sample Col1). The slope of the linear fit to the experimental data is equal to the attenuation
coefficient (αen=1.2±0.1 dB cm−1,αamp=1.1±0.1 dB cm−1). Themean value and the standarddeviation (error bars) of 20 PLF signals are shown. The experimental data are compared
with the simulated data of Biot's slow and fast waves.
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fast waves that propagatemainly through the ice skeleton. A similar be-
havior was found in the studies that measured the wave speed with
sensors in direct contact with the snow (Fig. 1, Smith, 1965; Yamada
et al., 1974; Takei and Maeno, 2004; Reiweger et al., 2015). Our speed
values were lower than most literature values for similar densities
(Fig. 1). The discrepancymay be due to different mechanical properties
of the examined snow. Indeed, the sintering experiment clearly showed
that snow of the samedensity can have different propagation speed and
elastic properties. The values of the Young's modulus derived from the
speed measurements were in good agreement with the data published
by Mellor (1975); they were lower but correlated with the results ob-
tained from micro-computed tomography images (Köchle and
Schneebeli, 2014).

Both sintering experiments showed an increase in propagation
speed, snow hardness, and Young's modulus with the time of sintering.
This finding supports the interpretation that the speed measured was
the speed of Biot's fast waves, since the speed of the slowwaves is inde-
pendent of the elastic properties of snow. The elastic moduli obtained
with the acousticmethod andderived from the SMP signalwere related,
but the SMPderived valueswere about 40 times lower than the acoustic
values; the latter are more similar to the results obtained from micro-
computed tomography images (Köchle and Schneebeli, 2014). The find-
ing of the low values of the modulus derived from the SMP signal com-
pared to other measurement methods has been previously reported
(Kronholm, 2004; Reuter et al., 2013; Sigrist, 2006). The stresses ap-
plied to the snow microstructure during SMP measurements will
likely cause non-elastic deformation, whereas the stress waves
caused by the acoustic signal are in the elastic range. Nevertheless,
the above mentioned studies have shown that the values of the
SMP derived effective modulus were correlated with results of other
measurement methods.
Fig. 11. (a) Attenuation coefficient α as a function of frequency determined from the measur
experimental results varying the permeability κ and the pore characteristic size d. The powe
units). The attenuation is reported for discrete frequency sets with intervals of 850 Hz. The er
Fig. 3b). (b) Measured attenuation coefficient α as a function of frequency for the samples for
No direct influence of the temperature on the speed was measured
(Col41 and Col42). The dependence of the speed on the temperature
is assumed to be low, since it is known that the modulus of ice is just
slightly temperature dependent (Sinha, 1989). The variation of the
speed due to changes of the microstructure during the sintering time
was therefore more relevant. The temperature influenced, however,
the rate of change in the microstructure (Kaempfer and Schneebeli,
2007). Furthermore, the variation of the temperature and the resulting
temperature gradients probably contributed to the changes in micro-
structure (Schneebeli and Sokratov, 2004).

The values of the attenuation coefficient (0.25–1.25 dB cm−1) were
in agreement with values published in previous studies (0.05–
3.5 dB cm−1) (Ishida, 1965; Lang, 1976; Johnson, 1982; Marco et al.,
1998; Gudra and Najwer, 2011; Kapil et al., 2014; Reiweger et al.,
2015). We recorded an increase in the attenuation with increasing fre-
quency. The same behavior was observed for the modeled Biot's slow,
transversal and fast waves. The magnitude of themeasured attenuation
coefficient was in the range of that of Biot's slow waves obtained with
typical snow parameters, whereas the attenuation coefficient of the
modeled Biot's fast and transversal waves was 3 to 4 orders of magni-
tude lower. Since the total energy of the pulses decreased by 4 orders
of magnitude and the attenuation coefficient corresponds to that of
the slow waves, we conclude that the majority of the energy traveled
with Biot's slow waves. Johnson (1982) reported that for acoustic
waves generated in air most of the energy is transmitted into snow
through the air pores as Biot's slow waves and the slow waves are re-
sponsible for the strong attenuation. Our results showed that also in
the case of waves generated in a metal plate in direct contact with the
snow the majority of the energy travels through snow with the slow
waves. This is in contrast to the literature values of speedwhich are dif-
ferent depending on the coupling (Fig. 1).
ements for sample Col1. The attenuation coefficient for Biot's slow wave is fitted to the
r spectrum of a typical PLF signal after propagation in snow is shown (given in arbitrary
ror bars represent the standard error of the linear fit to the semi-logarithmical plot (See
which it could be determined.
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A good fit of the modeled slow wave attenuation to the measured
values in the frequency range of 10 to 35 kHz was obtained by varying
the permeability and pore characteristic size, whereas the value of the

structure factordwas kept constant for simplicity. In general, the applica-
tion of Biot's model is limited by its complexity requiring a large number
of parameters that are difficult to relate to the snow properties. With the
parametrization proposed by Sidler (2015) the porosity is the only prop-
erty required. We only used the porosity to express the dynamic
coefficient ρ12. In the future, the free fitting parameters permeability κ,
pore characteristic size d, and structure factor d could directly be related
to the snow microstructure. The permeability can be determined from
the density and the grain size (Shimizu, 1970) or the specific surface
area (SSA) (Calonne et al., 2012; Zermatten et al., 2011); the characteristic
pore size can be calculated from 3-D microstructural data from micro-
computed tomography (Hildebrand and Rüegsegger, 1997; Schneebeli
and Sokratov, 2004).

The energy andmaximum amplitude of the simulated pulses propa-
gating with the slowwaves agreed well with the measured values. This
finding is not surprising, since thewave number used for the simulation
of the propagation was obtained from the experimental values of the
frequency dependent attenuation coefficient.

The propagation speed from the simulated fast and slow waves did
not decrease with increasing column length as was observed in the mea-
surements (Fig. 6). One could argue that a later arrival time and a lower
speed should result if the signal amplitude decreases due to attenuation.
Therefore, a decrease of the speed with increasing column length should
be observed also for the modeled signals, since the arrival time of the
modeled signals was determined by the crossing of a fixed threshold. As
such a decrease was not observed for the modeled signals, we conclude
that the lower speed measured with the longer columns is not due to
an error in determining the arrival time caused by the signal attenuation.

We assumed plane waves and neglected geometric effects for the
speed determination. This might as well be a reason of the lower
speed with longer columns. In particular, the change in the ratio be-
tween length and width of the sample could have an influence on the
measured speed. A propagationmodel, which takes into account the ge-
ometry of the sample, might provide better results.

The much stronger attenuation at frequencies higher than 35–
40 kHz (Fig. 5) cannot be explained with Biot's model. This may
be due to acoustic scattering effects at structural discontinuities
of the ice skeleton that gain importance when the wavelength
becomes comparable to the size of the snow structure. For waves
with speed c= 500 m s−1 and frequency ω= 50 kHz, the wavelength
isλ ¼ c

ω ¼ 10mm,which is comparable to the grain size of about 1mm.
The connection between sensor and snow could also be the source of the
suppression of the frequencies above 35–40 kHz, but in previous AE ex-
periments signals with peak frequencies in the 100–500 kHz rangewere
measured with the same sensor type (Scapozza et al., 2004). These high
frequency signals are presumably generated in the vicinity of the sensor,
and the high frequency components are not attenuated due to the short
propagation distance. Therefore, we conclude that high frequency sup-
pression is not related to the snow-sensor coupling.

We could not find any significant change over time of the attenua-
tion coefficient during the snow sintering experiment (Sam11 to
Sam14, Table 1). Since the attenuation was rather low and the maxi-
mum column lengthwas just 20 cm, the quality of the fits to the energy
and maximum amplitude at the different column lengths was rather
poor (R2 between 0.15 and 0.85). Therefore, it is not possible to exclude
a change of the attenuation coefficient over time. It is even quite proba-
ble, due to the changes of the snowmicrostructure over time.
5. Conclusions

Knowing the propagation characteristics of acoustic waves in snow
is necessary for the identification and localization of AE features
preceding snow failure. We measured the propagation speed and
the attenuation of acoustic waves across different cylindrical snow
samples.

The speed for the propagation of a PLF signal through a snow column
was in the range of 300 to 950m s−1 and corresponded to that of Biot's
fast waves that mainly propagate through the ice skeleton of snow.
From the speed, we derived the Young's modulus for different snow
samples; it ranged from 33 MPa for a snow density of 240 kg m−3 to
340MPa for a density of 450 kgm−3. An increase of the SMP-derived ef-
fective elastic modulus with increasing time of sintering was observed.
The frequency dependent attenuation was determined for the frequen-
cy range of 10 to 35 kHz and yielded values between 0.3 and
1.6 dB cm−1

, increasing with increasing frequency. The main frequen-
cies of interest for snow failure studies (between 20 and 500 kHz, Datt
et al., 2015; Reiweger et al., 2015; Scapozza et al., 2004) were found to
have the highest attenuation coefficient. This is an important limitation
for field applications where long propagation distances are not
uncommon.

Comparing our experimental results with the propagation charac-
teristics found by applying Biot's model suggests that the PLF signal
propagated as a mixture of Biot's slow and fast waves. The majority of
the energy was carried by the slow waves. On the other hand, Biot's
model was not able to explain the strong attenuation observed for fre-
quencies higher than 35 kHz, which is probably due to scattering at
the ice skeleton. In general, the application of Biot's model is limited
by its complexity requiring a large number of parameters that are diffi-
cult to relate to the snow properties.

Our findings on the propagation of sound in snow are helpful to
characterize and localize acoustic emissions in snow, and hopefully to
identify precursors to snow failure in view of assessing snow slope in-
stability. Furthermore, we demonstrated that the employed method
can be used for the non-destructive in-situ characterization of snow-
pack mechanical properties.
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Appendix

Deresiewicz and Rice (1962) found an analytical solution of Biot's
equations for plane waves, which was applied to snow by Johnson
(1982). The solution of the wave numbers k(ω) for the longitudinal
fast and slow waves is:

kfast; slow ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ�ω2

Dþ 2N þ 2Q þ R
� B−i f∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2−4AC−2i f b−2Að Þ− f 2

q
2A

vuut
ðA1Þ

and

ktransversal ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ�ω2

N
�

1−ϕð Þρice−ρ12ð Þ ϕρair−ρ12:ð Þ−ρ2
12

ρ�2 −i f

ϕρair−ρ12:

ρ� −i f

vuuuuut ðA2Þ



11A. Capelli et al. / Cold Regions Science and Technology 125 (2016) 1–11
With:

A ¼ Dþ 2Nð ÞR−Q2

Dþ 2N þ 2Q þ Rð Þ2
; B ¼ 1−ϕð Þρice−ρ12ð ÞRþ ϕρair−ρ12ð Þ Dþ 2Nð Þ−2ρ12Q

ρ� Dþ 2N þ 2Q þ Rð Þ ;

R ¼ ϕ2

γ þ 1
K
−

τ
K2

; Q ¼
ϕ 1−ϕ−

τ
K2

� �

γ þ 1
K
−

τ
K2

; D ¼
γτþ ϕ2 þ 1þ 2ϕð Þ 1−

τ
K

� �
γ þ 1

K
−

τ
K2

;

N ¼ E
1þ ν

; γ ¼ ϕ Cair−
1
K

� �
; τ ¼ E N

9N−3E
; ρ� ¼ 1−ϕð Þρice þ ϕρair;

and the frequency dependent term: f ¼ dϕ2 k2T
4kþ8i T

κρ�ω ,

with k ¼ d
ffiffiffiffiffiffiω
ν

p
d and T ¼ ber0 ðkÞþi ber0ðkÞ

berðkÞþi berðkÞ
where ber(k) and ber ’(k) are the Bessel-Kelvin functions, and ω is the
angular frequency.
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